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We define a diffeology on the Milnor classifying space of a diffeological group G, 
constructed in a similar fashion to the topological version using an infinite join. 
Besides obtaining the expected classification theorem for smooth principal bundles, 
we prove the existence of a diffeological connection on any principal bundle (with 
mild conditions on the bundles and groups), and apply the theory to some examples, 
including some infinite-dimensional groups, as well as irrational tori.
© 2017 Elsevier B.V. All rights reserved.
1. Introduction
Let G be a topological group with a reasonable topology (Hausdorff, paracompact, and second-countable, 
say). Milnor [19] constructed a universal topological bundle EG → BG with structure group G satisfying:
• for any principal G-bundle E → X over a space (again, assume Hausdorff, paracompact, and second-
countable) there is a continuous “classifying map” F : X → BG for which E is G-equivariantly 
homeomorphic to the pullback bundle F ∗EG,
• any continuous map F : X → BG induces a bundle F ∗EG with F a classifying map, and
• any two principal G-bundles are isomorphic if and only if their classifying maps are homotopic.
* Corresponding author.
E-mail addresses: jean-pierr.magnot@ac-clermont.fr (J.-P. Magnot), jordan.watts@colorado.edu (J. Watts).
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To push this classification into the realm of Lie groups and smoothness, one would need smooth structures 
on the spaces EG and BG. Many approaches exist, which extend to infinite-dimensional groups (see, for 
example, [20], [9, Theorem 44.24]). The main point here is that EG and BG are not typically manifolds, 
and so a more general smooth structure is required.
In this paper, we take the approach of diffeology. The language is quite friendly, allowing one to differ-
entiate and apply other analytical tools with ease to infinite-dimensional groups such as diffeomorphism 
groups, including those of non-compact manifolds, as well as projective limits of groups, including some 
groups which appear naturally in the ILB setting of Omori [22], and may not exhibit atlases. Moreover, we 
can include in this paper interesting groups which are not typically considered as topological groups. For 
example, irrational tori (see Example 5.3) have trivial topologies (and hence have no atlas) and only con-
stant smooth functions; however, they have rich diffeologies, which hence are ideal structures for studying 
the groups. Irrational tori appear in important applications, such as pre-quantum bundles on a manifold 
associated to non-integral closed 2-forms (see Subsection 5.6). Another benefit of using diffeology is that we 
can directly use the language to construct connection 1-forms on EG. Our main source for the preliminaries 
on diffeology is the book by Iglesias-Zemmour [8].
Our main results include Theorem 3.6, which states that there is a natural bijection between isomor-
phism classes of so-called D-numerable principal G-bundles over a Hausdorff, second-countable, smoothly 
paracompact diffeological space X, and smooth homotopy classes of maps from X to BG. This holds for 
any diffeological group G. As well, we prove Theorem 4.3, which states that if G is a regular diffeological Lie 
group, and X is Hausdorff and smoothly paracompact, then any D-numerable principal G-bundle admits a 
connection; in particular, such a bundle admits horizontal lifts of smooth curves. These theorems provide 
a method for constructing classifying spaces different, for example, to what Kriegl and Michor do in [9, 
Theorem 44.24] with G = Diff(M) for M a compact smooth manifold, where they show that the space of 
embeddings of M into 2 yields a classifying space for G.
Our framework is applied to a number of situations. We show that EG is contractible (Proposition 5.1), 
which allows us to study the homotopy of BG (Proposition 5.2). We also study smooth homotopies between 
groups, and how these are reflected in classifying spaces and principal bundles (Subsection 5.2). We transfer 
the theory to general diffeological fibre bundles via their associated principal G-bundles (Corollary 5.9) 
and discuss horizontal lifts in this context (Proposition 5.11). We also transfer the theory to diffeological 
limits of groups, with an application to certain ILB principal bundles (Proposition 5.18). We show that a 
short exact sequence of diffeological groups induces a long exact sequence of diffeological homotopy groups 
of classifying spaces (Proposition 5.19), and apply this to a short exact sequence of pseudo-differential 
operators and Fourier integral operators (Example 5.21). Finally, we apply this theory to irrational torus 
bundles, which are of interest in geometric quantisation [26], [7], [8, Articles 8.40–8.42] and the integration 
of certain Lie algebroids [5].
This paper is organised as follows. Section 2 reviews necessary prerequisites on diffeological groups (in-
cluding diffeological Lie groups and regular groups), internal tangent bundles, and diffeological fibre bundles. 
In Section 3 we construct the diffeological version of the Milnor classifying space, EG → BG, and prove 
Theorem 3.6. In Section 4, we introduce the theory of connections from the diffeological point-of-view, and 
prove Theorem 4.3. Finally, in Section 5, we have our applications.
A few open questions are inspired. The conditions on the D-topology (in particular, Hausdorff and 
second-countable conditions, and sometimes smooth paracompactness as well) seem out-of-place in the 
general theory of diffeology. Even though these conditions are satisfied in our examples, in some sense, 
topological conditions and arguments should be replaced with diffeological conditions and arguments. This 
leads to the first question.
Question 1. Under what conditions is the D-topology of a diffeological space Hausdorff, second-countable, 
and smoothly paracompact? Can one weaken these conditions?
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An answer to this would allow us to rephrase Theorem 3.6 in a manner more natural to diffeology. A partial 
answer, for example, is to require that the smooth real-valued functions separate points: in this case, the 
weakest topology induced by the functions is Hausdorff, and this is a sub-topology of the D-topology. It 
follows that the D-topology is Hausdorff.
Another question is an obvious one:
Question 2. Given a diffeological group G, if E → X is a principal G-bundle satisfying necessary mild 
conditions, and the total space E is diffeologically contractible, is E → X universal in the sense that any 
principal G-bundle over a sufficiently nice diffeological space Y has a unique (up to smooth homotopy) 
classifying map to X? (The answer is affirmative in the topological category.)
The theme of universality continues:
Question 3. Let G be a regular diffeological Lie group (Definition 2.13), and let E → X be a principal 
G-bundle in which the D-topology on X satisfies mild conditions. Is every diffeological connection, or even 
every connection 1-form, the pullback of the diffeological connection (or connection 1-form) constructed on 
EG → BG in Theorem 4.9?
Some of these questions have been addressed in [4]. As mentioned above, Kriegl and Michor give a 
classifying space for the group Diff(M) where M is a compact smooth manifold, and also show that this 
classifying space has a universal connection. However, the proof uses the fact that every such M has 
an isometric embedding into some Euclidean space, and we no longer have this advantage for general 
diffeological groups.
Acknowledgements. The authors would like to thank Patrick Iglesias-Zemmour and the other organisers of 
the “Workshop on Diffeology, etc.”, held in Aix-en-Provence in June 2014, where the discussions that lead to 
this paper began. We would also like to thank Daniel Christensen and Enxin Wu, as well as the anonymous 
referee, for excellent comments and suggestions.
2. Preliminaries
This section provides background on diffeological groups and fibre bundles. For a review of more basic 
properties of diffeological spaces, we refer to the book of Iglesias-Zemmour [8]. In particular, products, 
sub-objects, quotients, and underlying D-topologies of diffeological spaces, as well as homotopies of maps 
between them, are used throughout this paper.
2.1. Diffeological groups and internal tangent bundles
In this subsection we review diffeological groups and their actions. We then introduce the internal tangent 
bundle of a diffeological space with the goal of obtaining a Lie algebra for certain diffeological groups 
admitting an exponential map. For more details on the basics of diffeological groups, see [8, Chapter 7]. 
For more on internal tangent bundles, see [3]. For more details on diffeological Lie groups, see [12] and [9]
(although the latter reference deals with infinite-dimensional groups, not diffeological ones).
Definition 2.1 (Diffeological groups and their actions). A diffeological group is a group G equipped with a 
diffeology such that the multiplication map m : G ×G → G and the inversion map inv : G → G are smooth. 
A diffeological group action of G on a diffeological space X is a group action in which the map G ×X → X
sending (g, x) to g · x is smooth. Fixing g ∈ G, denote by Lg left multiplication by g, and by Rg right 
multiplication by g. Denote by e the identity element of G.
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In order to begin associating a Lie algebra to certain diffeological groups, we need to establish the theory 
of tangent spaces and bundles to a diffeological space.
Definition 2.2 (Internal tangent space). Let (X, D) be a diffeological space, and fix x ∈ X. Let Plots0(D, x)
be the category whose objects are plots (p : U → X) ∈ D for which U is connected, 0 ∈ U , and p(0) = x; 
and whose arrows from p : U → X to q : V → X are commutative triangles
U
f
p
V
q
X
where f : U → V is smooth and f(0) = 0. Let F be the forgetful functor from Plots0(D, x) to Open0, the 
category whose objects are connected open subsets of Euclidean spaces containing 0 and whose arrows are 
smooth maps between these that fix 0. F sends a plot to its domain, and a commutative triangle as above 
to f : U → V . Finally, let Vect be the category of vector spaces with linear maps between them, and let 
T0 : Open0 → Vect be the functor sending U to T0U and f : U → V to f∗|0 : T0U → T0V . Then define the
internal tangent space TxX to be the colimit of the functor T0 ◦ F . Denote by TX the set unionsqx∈X TxX.
In order to equip TX with a suitable diffeology, we need a few more definitions.
Definition 2.3 (Induced tangent maps). Let (X, D) be a diffeological space. For a plot (p : U → X) ∈
Plots0(D, x), denote by p∗ the map sending vectors in T0U to Tp(0)X given by the definition of a colimit. 
Extend this to more general plots p : U → X in D as follows. Define p∗ : TU → TX to be the map that sends 
v ∈ TuU to the element in Tp(u)X given by (p ◦ tru)∗((tr−u)∗v), where tru is the translation in Euclidean 
space sending U − u to U . If c : R → X is a smooth curve, then by dcdt we mean c∗
(
d
dt
)
where ddt is the 
constant section R → TR : t → (t, 1). We may also denote p∗ by Tp, emphasising the functoriality of T (see 
Remark 2.8).
Definition 2.4 (Diffeological vector spaces). A diffeological vector space is a vector space V over R equipped 
with a diffeology such that addition +: V × V → V and scalar multiplication · : R × V → V are smooth.
We use the terminology of [23], but continue to follow [3].
Definition 2.5 (Diffeological pseudo-bundles). A (diffeological) vector pseudo-bundle π : E → X is a pair 
of diffeological spaces E and X with a smooth surjection π : E → X between them such that for each 
x ∈ X the fibre π−1(x) is a diffeological vector space. Moreover, fibrewise addition +: E ×X E → E, scalar 
multiplication · : R × E → E, and the zero section X ↪→ E are required to be smooth.
Remark 2.6. Let π : E → X be a smooth map between diffeological spaces such that for each x, the fibre 
π−1(x) is a diffeological vector space. Then there is a smallest diffeology on E that contains the original 
diffeology on E and so that π is a vector pseudo-bundle; see [3, Proposition 4.6].
Definition 2.7 (Internal tangent bundle). Define the internal tangent bundle of a diffeological space X to be 
the set TX := unionsqx∈X TxX equipped with the smallest diffeology TD such that
(1) TX is a vector pseudo-bundle,
(2) for each plot p : U → X, the induced map Tp : TU → TX is smooth.
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Remark 2.8. T is a functor, sending diffeological spaces (X, D) to (TX, TD). Consequently, we get the chain 
rule: given smooth maps f : X → Y and g : Y → Z, we have that T (g ◦ f) = Tg ◦ Tf . Moreover, T respects 
products: let X and Y be diffeological spaces. Then T (X × Y ) ∼= TX × TY [3, Proposition 4.13].
We now arrive at an important generalisation of what is very well known in standard Lie group theory.
Theorem 2.9 (Tangent bundle of a diffeological group). Let G be a diffeological group with identity element e. 
Then, TG is isomorphic as a vector pseudo-bundle to G × TeG.
Proof. This is [3, Theorem 4.15]. The diffeomorphism is given by sending v ∈ TgG to (g, (Lg−1)∗v). 
Diffeological groups admit adjoint actions of G on TeG.
Definition 2.10 (Adjoint action). Let G be a diffeological group, and let C be the (smooth) conjugation 
action: C : G × G → G : (g, h) → ghg−1. Define the adjoint action of G on TeG to be the (smooth) action 
g · ξ := TCg(ξ) for all ξ ∈ TeG.
This does not immediately give us a well-defined infinitesimal adjoint action (i.e. Lie bracket) on TeG. 
This issue is resolved by Leslie in [12] by considering the following type of diffeological group.
Definition 2.11 (Diffeological Lie group). A diffeological group G is a diffeological Lie group if
(1) for every ξ ∈ TeG there exists a smooth real-valued linear functional  : TeG → R satisfying (ξ) = 0,
(2) the plots of TeG smoothly factor through a map ϕ : V → TeG, where V is an open subset of a complete 
Hausdorff locally convex topological vector space.
Remark 2.12 (TeG is a Lie algebra). Let G be a diffeological Lie group. Then TeG is a Lie algebra under 
the infinitesimal adjoint action ([12, Theorem 1.14]). In this case, we denote TeG by g.
Finally, in order to associate curves in G with curves in g, we need to introduce the notion of a regular Lie 
group, following [12], [9, Section 38], and [22]. This correspondence is important when obtaining horizontal 
lifts of fibre bundles from connection 1-forms later in the paper.
Definition 2.13. A diffeological Lie group G is regular if there is a smooth map
exp: C∞([0, 1], g) → C∞([0, 1], G)
sending a smooth curve ξ(t) to a smooth curve g(t) such that g(t) is the unique solution of the differential 
equation
{
g(0) = e,
(Rg(t)−1)∗ dg(t)dt = ξ(t).
Remark 2.14. Unless specified otherwise, we take the subset diffeology on [0, 1] ⊆ R throughout the paper.
Remark 2.15. Not all diffeological groups are regular. For example, the diffeological group Diff(R) (see [10, 
Example 1.21]) or Diff+(0, 1) (see [15] or [17, Subsection 2.5.2]).
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2.2. Diffeological fibre bundles
We now review diffeological fibre bundles and principal G-bundles; for more details, see [8]. Instead of 
using the original definition of a diffeological fibre bundle given in [6], we take the equivalent definition 
below (see [8, Article 8.9]). Similarly, we take an equivalent definition for a principal G-bundle (see [8, 
Article 8.13]).
Definition 2.16 (Diffeological fibre bundles). Let π : E → X be a smooth surjective map of diffeological 
spaces.
(1) Define the pullback of π : E → X by a smooth map f : Y → X of diffeological spaces to be the set
f∗E : = {(y, e) ∈ Y × E | f(y) = π(e)}
equipped with the subset diffeology induced by the product. It comes with the two smooth maps 
f˜ : f∗E → E and πf : f∗E → Y induced by the projection maps, the latter of which is also surjective.
(2) π : E → X is trivial with fibre F if there is a diffeological space F and a diffeomorphism ϕ : E → X ×F
making the following diagram commute.
E
ϕ
π
X × F
pr1
X
(3) π : E → X is locally trivial with fibre F if there exists an open cover {Uα}α in the D-topology on X
such that for each α, the pullback of π : E → X to Uα via the inclusion map is trivial with fibre F . 
The collection {(Uα, ϕα)}α, where the diffeomorphism ϕα : E|Uα → Uα ×F is as above, make up a local 
trivialisation of π.
(4) We say that π : E → X is a diffeological fibration or diffeological fibre bundle if for every plot p : U → X, 
the pullback bundle p∗E → U is locally trivial.
(5) Let G be a diffeological group. We say that a diffeological fibre bundle π : E → X is a principal G-bundle
if there is a smooth action of G on E for which every plot p : U → X induces a pullback bundle p∗E → U
that is locally equivariantly trivial. That is, for any u ∈ U there exists an open neighbourhood V of u, 
a plot q : V → E satisfying π ◦ q = p|V , and an equivariant diffeomorphism ψ : V × G → p|∗V E sending 
(v, g) to (v, g · q(v)). Furthermore, a principal G-bundle itself is locally equivariantly trivial if it admits 
a local trivialisation {Uα, ϕα}α in which each ϕα is G-equivariant.
(6) We say that a diffeological fibre bundle is weakly D-numerable if there exists a local trivialisation 
{Ui}i∈N of X and a pointwise-finite smooth partition of unity {ζi}i∈N of X such that ζ−1i ((0, 1]) ⊆ Ui
for each i. We say that a weakly D-numerable diffeological fibre bundle is D-numerable if the local 
trivialisation can be chosen to be locally finite and the smooth partition of unity subordinate to {Ui}; 
that is, supp(ζi) ⊆ Ui for each i ∈ N.
The point of having weak D-numerability versus D-numerability is that a priori, as we will see below, 
the Milnor construction as a bundle is not necessarily D-numerable, only weakly D-numerable.
Remark 2.17. Diffeological fibre bundles pull back to diffeological fibre bundles. Moreover, trivial bundles 
pull back to trivial bundles. Consequently, (weakly) D-numerable bundles pull back to (weakly) D-numerable 
bundles. Similar statements hold for principal G-bundles.
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Remark 2.18. Not every diffeological fibre bundle is locally trivial. The 2-torus modulo the irrational Kro-
necker flow is such an example [8, Article 8.38].
Remark 2.19. A weakly D-numerable principal diffeological fibre bundle with Hausdorff, smoothly para-
compact base is D-numerable. A locally trivial diffeological fibre bundle over a Hausdorff, second-countable, 
smoothly paracompact base is also D-numerable. We include the definition of smooth paracompactness 
below for completeness.
Definition 2.20 (Smooth paracompactness). A diffeological space X is smoothly paracompact if the D-
topology of X is paracompact (any open cover admits a locally finite open refinement), and any open cover 
of X admits a smooth partition of unity subordinate to it.
3. Milnor’s classifying space
We begin this section with the construction of a classifying space of a diffeological group G, completely in 
the diffeological category (Proposition 3.4). Under certain topological constraints on a diffeological space X, 
we get the desired natural bijection between homotopy classes of diffeologically smooth maps X → BG and 
D-numerable principal G-bundles over X (see Theorem 3.6).
3.1. The Milnor construction
We construct Milnor’s classifying space in the diffeological category for a diffeological group G. This 
results in a principal G-bundle π : EG → BG that is at least weakly D-numerable.
Definition 3.1 (Join operation). Let {Xi}i∈N be a family of diffeological spaces. Define the joini∈NXi of this 
family as follows. Take the subset S of the product (Πi∈N[0, 1])× (Πi∈NXi) consisting of elements (ti, xi)i∈N
in which only finitely many of the ti are non-zero, and 
∑
i∈N ti = 1. Equip S with the subset diffeology 
induced by the product diffeology. Let ∼ be the equivalence relation on S given by: (ti, xi)i∈N ∼ (t′i, x′i)i∈N
if
(1) ti = t′i for each i ∈ N, and
(2) if ti = t′i = 0, then xi = x′i.
Then the join is the quotient S/∼ equipped with the quotient diffeology. We denote elements of i∈NXi by 
(tixi).
Definition 3.2 (Classifying space). Let G be a diffeological group. Define EG = i∈NG. There is a natural 
smooth action of G on EG given by h · (tigi) = (tigih−1) induced by the diagonal action of G on GN
and the trivial action on [0, 1]N. Denote the quotient EG/G by BG and elements of BG by [tigi]. This is 
the (diffeological) Milnor classifying space of G. Since we will make use of it, denote by SG the subset of 
[0, 1]N × GN corresponding to the set S in Definition 3.1.
Proposition 3.3. The action of G on EG is smooth.
Proof. We want to show that the map aE : G × EG → EG sending (h, (tigi)) to (tigih−1) is smooth. Let 
p : U → G × EG be a plot. It is enough to show that aE ◦ p locally lifts to a plot of SG via the quotient 
map π : SG → EG. Let pri (i = 1, 2) be the natural projection maps on G × EG. Then there exist an open 
cover {Uα} of U and for each α a plot qα : Uα → SG such that
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pr2 ◦ p|Uα = π ◦ qα.
Let a : G × SG → SG be the smooth map sending (h, (ti, gi)) to (ti, gih−1). Then,
aE ◦ p|Uα = π ◦ a(qα, pr1 ◦ p|Uα),
where the right-hand side is a plot of EG. 
Proposition 3.4 (EG → BG is principal). EG → BG is a weakly D-numerable principal G-bundle.
Proof. Define for each j ∈ N the function sj : EG → [0, 1] by sj(tigi) := tj . These are diffeologically smooth, 
hence continuous with respect to the D-topology. For each j ∈ N define the open set
Vj := s−1j (0, 1] = {(tigi) | tj > 0}.
Since for any point (tigi) ∈ EG we have that 
∑
ti = 1, it follows that {Vj} forms an open cover of EG. 
Since each Vj is G-invariant, setting Uj := π(Vj) we get an open covering {Uj} of BG.
Define for each j ∈ N the map ϕj : Vj → G × Uj by
ϕj(tigi) := (gj , [tigig−1j ]).
This map is well-defined, smooth, and G-equivariant where G acts trivially on BG and via k · g = gk−1 on 
itself. Moreover, ϕj is invertible with smooth inverse:
ϕ−1j (k, [tigi]) = (tigik)
where we set gj = e. Thus, {(Uj , ϕj)} is a local trivialisation of EG → BG. It follows that EG → BG is a 
locally trivial diffeological principal G-bundle.
Finally, for each (tigi) ∈ EG, ∑
j∈N
sj(tigi) =
∑
j∈N
tj = 1,
and each sj is G-invariant and so descends to a smooth map ζj : BG → [0, 1] with ζ−1j (0, 1] = Uj . The 
collection {ζj} is a pointwise-finite smooth partition of unity on BG, and so we have shown that π : EG →
BG is weakly D-numerable. 
3.2. Classifying bundles
The main result concerning a classifying space of a diffeological group G is that it classifies principal 
G-bundles, up to isomorphism. To establish this, we follow the topological presentation by tom Dieck (see 
[25, Sections 14.3, 14.4]). While many of the proofs only require slight modifications to ensure smoothness, 
some such as the proof to Proposition 3.12 requires the development of some diffeological theory related 
to the D-topology and homotopy, which appears in Lemmas 3.9, 3.10, and 3.11. To make the classification 
result precise, we introduce the following notation.
Definition 3.5 (BG(·) and [·, BG]). Let G be a diffeological group, and let X be diffeological space. Denote by 
BG(X) the set of isomorphism classes of D-numerable principal G-bundles over X, and denote by [X, BG]
the set of smooth homotopy classes of smooth maps X → BG. Given another diffeological space Y and 
a smooth map ϕ : X → Y , define B(ϕ) to be the pullback ϕ∗ : BG(Y ) → BG(X), and [ϕ, BG] to be the 
pullback ϕ∗ : [Y, BG] → [X, BG].
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The main theorem of this section is the following.
Theorem 3.6 (BG(·) and [·, BG] are naturally isomorphic). Let DiffeolHSP be the full subcategory of Diffeol
consisting of Hausdorff, second-countable, smoothly paracompact diffeological spaces, and let G be a diffeo-
logical group. Then, BG(·) and [·, BG] are naturally isomorphic functors from DiffeolHSP to Set.
To prove this, we begin by constructing a correspondence [X, BG] → BG(X).
Proposition 3.7 (Pullback bundles). Let X be a diffeological space, and let G be a diffeological group. For any 
smooth map F : X → BG the pullback bundle F ∗EG is weakly D-numerable. Additionally, if X is Hausdorff 
and smoothly paracompact, then F ∗EG is D-numerable.
Proof. Let F : X → BG be a smooth map. Let the collection {ζj : BG → [0, 1]}j∈N be the partition of 
unity in the proof of Proposition 3.4. For each j ∈ N, define ξj : X → [0, 1] by ξj := ζj ◦ F . Then {ξj} is a 
pointwise-finite smooth partition of unity, and we have an open cover of X given by open sets Wj := ξ−1j (0, 1]. 
We now show that F ∗EG is trivial over each Wj .
Recall
F ∗EG = {(x, (tigi)) ∈ X × EG | F (x) = [tigi]},
where for all k ∈ G we have the smooth action k · (x, (tigi)) = (x, (tigik−1)). Define F˜ : F ∗EG → EG to be 
the second projection map. Define ψj : π−1(Wj) → G × Wj by
ψj(x, (tigi)) := (gj , x).
Then ψj is well-defined, smooth, G-equivariant, and has a smooth inverse. It follows that F ∗EG is weakly 
D-numerable.
If X is Hausdorff and smoothly paracompact, we can choose an appropriate open refinement of {Wj}
and smooth partition of unity subordinate to it (see, for example, [21, Lemma 41.6]). This completes the 
proof. 
To ensure that the correspondence [X, BG] → BG(X) is well-defined, we must show that smoothly 
homotopic maps yield isomorphic bundles. This is Proposition 3.12. To prove this, we need to add another 
topological constraint, second-countability, and establish a series of lemmas. Also, we need to consider the 
D-topology of a product of diffeological spaces. Generally, the D-topology induced by the product diffeology 
contains the product topology. However, we have the following result of Christensen, Sinnamon, and Wu in 
[2, Lemma 4.1].
Lemma 3.8. Let X and Y be diffeological spaces such that the D-topology of Y is locally compact. Then the 
D-topology of the product X × Y is equal to the product topology.
Lemma 3.9. Let X be a Hausdorff, paracompact, second-countable diffeological space, and let π : E → X ×R
be a locally trivial diffeological fibre bundle. Then for any a < b, there exists a countable locally finite open 
cover U of X such that π is trivial over U × [a, b] for any U ∈ U . In the case of a principal bundle, the 
trivialisation can be chosen to be equivariant.
Proof. Since R is locally compact, the D-topology on X ×R is equal to the product topology by Lemma 3.8. 
Fix a local trivialisation (equivariant in the case of a principal bundle) V of π, and fix x ∈ X. Since [a, b] is 
compact there exist k > 0, for each i = 1, . . . , k an open interval (si, ti) such that 
⋃
i(si, ti) ⊇ [a, b], and for 
each i an open neighbourhood Ui of x such that Ui × (si, ti) is contained in an element of V.
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Let U =
⋂
i Ui. By [8, Note 1 of Article 8.16 and Lemma 1 of Article 8.19], π is trivial over U × [a, b]. 
Now, take such an open neighbourhood U for each x ∈ X; this is an open cover of X. We now take an 
appropriate refinement of this cover to obtain U . 
It is standard that given a normal topological space, one can find a continuous function that separates 
disjoint closed sets. We need a smooth version of this fact.
Lemma 3.10. Let X be a smoothly paracompact diffeological space, and let A and B be disjoint closed subsets 
of X. Then there exists a smooth function f : X → [0, 1] such that f |A ≡ 0 and f |B ≡ 1.
Proof. Consider the open cover {X A, X B}. It admits a smooth partition of unity {ζXA, ζXB}. Let 
f = ζXA.1 
Lemma 3.11. Let X be a Hausdorff, second-countable, smoothly paracompact diffeological space, and let 
π : E → X × R be a locally trivial diffeological fibre bundle. Then E|X×{0} is bundle-diffeomorphic to 
E|X×{1}. In the case of a principal bundle, the bundle-diffeomorphism can be chosen to be equivariant.
Proof. By Lemma 3.9, there exists a locally finite open cover {Ui}i∈N of X such that π is trivial over Ui×[0, 1]
for each i. Let {(Ui×[0, 1], ψi)} be the corresponding local trivialisation (equivariant in the case of a principal 
bundle) for π restricted over X × [0, 1]. Since X is Hausdorff and paracompact, there is a locally finite open 
refinement {Vi}i∈N of {Ui} such that Vi ⊆ Ui for each i. By Lemma 3.10 there is a family of smooth maps 
{bi : X → [0, 1]}i∈N such that bi|Vi = 1 and supp(bi) ⊆ Ui for each i.
Fix i, and denote by F the fibre of π. Let ri : X × [0, 1] → X × [0, 1] be the smooth map sending (x, t) to 
(x, t + (1 − t)bi(x)) and let Ri : E → E be the map equal to the identity over the complement of Ui × [0, 1], 
and such that for all (x, t, a) ∈ Ui × [0, 1] × F ,
ψi ◦ Ri ◦ ψ−1i (x, t, a) = (x, t + (1 − t)bi(x), a).
The pair (ri, Ri) form a smooth bundle map over X × [0, 1], whose restriction to E|X×{1} is the identity 
map. Moreover, the restriction of Ri to E|X×{0} is a diffeomorphism onto its image. In the case of a principal 
bundle, this is equivariant.
Let r be the composition of the maps ri, taken in order: r = · · ·◦r2◦r1. This is well-defined since ri(x) = x
for all but finitely many i. Similarly, define R to be the composition of all Ri. The pair (r, R) is a smooth 
bundle map, whose restriction to E|X×{1} is the identity map. Moreover, the restriction of R to E|X×{0} is 
a diffeomorphism onto E|X×{1}. Again, in the case of a principal bundle, this is also equivariant. 
Proposition 3.12 (Homotopic maps and isomorphic bundles). Let X and Y be diffeological spaces, and assume 
that X is Hausdorff, second-countable, and smoothly paracompact. Let fi : X → Y (i = 0, 1) be smooth maps 
with a smooth homotopy H : X × R → Y between them, and let π : E → Y be a diffeological fibre bundle. If 
H∗E → X is locally trivial, then the pullback bundles f∗i E → X (i = 0, 1) are bundle-diffeomorphic. In the 
case of a principal bundle, the bundle-diffeomorphism can be chosen to be equivariant.
Proof. Assume that H∗E → X is locally trivial. Then there is a bundle-diffeomorphism between H∗E|X×{0}
and H∗E|X×{1} by Lemma 3.11. But these two restricted bundles are exactly bundle-diffeomorphic to f∗0E
and f∗1E, respectively. 
1 Thanks to Dan Christensen for this proof, which is much simpler than the original.
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Remark 3.13. Iglesias-Zemmour proves the above proposition for diffeological fibre bundles admitting a 
diffeological connection; see Definition 4.1, [8, Article 8.32 and Article 8.34].
We now have a well-defined correspondence [X, BG] → BG(X). To construct an inverse correspondence, 
we must first define a “classifying map” X → BG for a principal G-bundle E → X. In order to show that 
the classifying map is smooth, we require that E be weakly D-numerable with a Hausdorff and smoothly 
paracompact base (in which case, E is D-numerable).
Proposition 3.14 (Classifying maps). If π : E → X is a weakly D-numerable principal G-bundle in which 
X is Hausdorff and smoothly paracompact, then there is a smooth G-equivariant map F˜ : E → EG which 
descends to a smooth map F : X → BG, called a classifying map of π, such that E is isomorphic as a 
principal G-bundle to F ∗EG.
Proof. Let π : E → X be a weakly D-numerable principal G-bundle in which X is Hausdorff and smoothly 
paracompact (and hence π is in fact D-numerable by Remark 2.19), and fix a locally finite local trivialisation 
{(Wj , ψj)}j∈N and a smooth partition of unity {ξj}j∈N subordinate to {Wj}. Define a map F˜ : E → EG by
F˜ (y) :=
(
(ξi ◦ π(y))(pr2 ◦ ψi(y))
)
.
Since ξj has support contained in Wj , F˜ is well-defined.
To show that F˜ is smooth, fix a plot p : U → E. It is enough to show that F˜ ◦p locally lifts to a plot of SG. 
Fix u ∈ U . Since {Wj} is a locally finite open cover, there is an open neighbourhood B of p(u) such that 
B intersects only finitely many of the open sets π−1(Wj); without loss of generality, assume that these are 
W1, . . . , Wk. Next, of these, only l ≤ k contain p(u). Again, without loss of generality, assume that these are 
W1, . . . , Wl. Since {ξj} is subordinate to {Wj}, we have that the closed set 
⋃k−l
j=1 supp(ξl+j) is disjoint from 
p(u), which itself is closed since X is Hausdorff. Furthermore, since X is also paracompact, it is normal, 
and so shrink B so that it only intersects Wl+1, . . . , Wk outside of each supp(ξj) (j = l + 1, . . . , k).
Let pB := p|p−1(B) and let ρ : SG → EG be the quotient map. Then, F˜ ◦pB = ρ ◦σB where σB : p−1(B) →
SG is defined to be the smooth map σB(u) = (ti(u), gi(u)) where gi(u) = e if i > l, gi(u) = pr2(ψi(pB(u)))
if i = 1, . . . , l, and ti(u) = ξi(π(pB(u))) for each i. It follows that F˜ is a smooth map into EG. It is also 
G-equivariant, and so descends to a smooth map F : X → BG.
To show that E and F ∗EG are isomorphic, define a map Φ: E → F ∗EG by Φ(y) := (π(y), F˜ (y)). Then, 
Φ is a well-defined smooth bijection. Fixing x ∈ X, let B be an open neighbourhood of x intersecting only 
finitely many Wj . Then Φ−1|π−1(B)(x, (tigi)) = ψ−1j (x, gj) for any j such that x ∈ Wj , which is smooth, 
and hence Φ is a diffeomorphism. G-equivariance of Φ follows from the G-equivariance of F˜ . 
Remark 3.15. If π : E → X is a principal G-bundle that has a smooth classifying map F : X → BG, then 
it follows that F ∗EG is weakly D-numerable, and so by definition of a classifying map, π : E → X is also 
weakly D-numerable.
To show that our inverse correspondence BG(X) → [X, BG] is well-defined, we need to show that 
isomorphic bundles yield smoothly homotopic classifying maps. This is a consequence of the following 
proposition.
Proposition 3.16 (Homotopy equivalence of maps to EG). Let G be a diffeological group, E → X a principal 
G-bundle, and f, h : E → EG two G-equivariant smooth maps. Then, f and h are smoothly G-equivariantly 
homotopic, and so descend to smoothly homotopic maps X → BG.
Proof. Denote the images of f and h by
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f(y) =
(
s1(y)f1(y), s2(y)f2(y), . . .
)
and h(y) =
(
t1(y)h1(y), t2(y)h2(y), . . .
)
where fi(y), hi(y) ∈ G and si(y), ti(y) ∈ [0, 1]. We will construct an homotopy H such that H(y, 0) = f(y)
and H(y, 1) = h(y) for all y ∈ E. The construction will be a concatenation of homotopies that we construct 
now. Throughout these, we use a smooth function b : R → [0, 1] such that b(τ) = 0 for all τ ≤ ε, b(τ) = 1
for all τ ≥ 1 − ε, and dbdτ ≥ 0, for some fixed ε ∈ (0, 1/2).
Let F1 : E × [0, 1] → EG be defined by
F1(y, τ) :=
(
s1(y)f1(y), b(τ)s2(y)f2(y), (1 − b(τ))s2(y)f2(y),
b(τ)s3(y)f3(y), (1 − b(τ))s3(y)f3(y), . . .
)
.
Then F1 is smooth, and satisfies
F1(y, 0) =
(
s1(y)f1(y), 0, s2(y)f2(y), 0, . . .
)
and
F1(y, 1) =
(
s1(y)f1(y), s2(y)f2(y), 0, s3(y)f3(y), 0, . . .
)
.
Similarly, for each n > 1, let Fn : E × [0, 1] → EG be defined by
Fn(y, τ) :=
(
s1(y)f1(y), . . . , sn(y)fn(y), b(τ)sn+1(y)fn+1(y),
(1 − b(τ))sn+1(y)fn+1(y), b(τ)sn+2(y)fn+2(y), . . .
)
.
Each Fn is smooth, and Fn(y, 0) = Fn−1(y, 1) for all n > 1.
Define F : E × [0, ∞) → EG by F (y, τ) = Fτ+1(y, τ − τ), where · is the floor function. Since each 
Fn is constant near τ = 0 and τ = 1 for fixed y, it follows that F is smooth. Let c : [0, 1) → [0, ∞) be an 
increasing diffeomorphism (x → tan(π2x), say), and define F ′ : E × [0, 1) → EG as the smooth composition 
F ◦ (idE × c). Define F ′(y, 1) := f(y). This yields a smooth extension F ′ : E × [0, 1] → EG.
Similarly, for each n > 0, define smooth maps Sn : E × [0, 1] → EG by
Sn(y, τ) :=
(
t1(y)h1(y), . . . , tn−1(y)hn−1(y), b(τ)tn(y)hn(y),
(1 − b(τ))tn(y)hn(y), b(τ)tn+1(y)hn+1(y), . . .
)
.
We have Sn(y, 0) = Sn−1(y, 1) for each n > 1. Defining S and S′ similar to F and F ′, by setting S′(y, 1) =
h(y) we obtain a smooth extension S′ : E × [0, 1] → EG.
Finally, define T : E × [0, 1] → EG by
T (y, τ) :=
(
(1 − b(τ))s1(y)f1(y), b(τ)t1(y)h1(y),
(1 − b(τ))s2(y)f2(y), b(τ)t2(y)h2(y), . . .
)
.
Then T is smooth, T (y, 0) = F ′(y, 0), and T (y, 1) = S′(y, 0).
We now define the smooth homotopy H : E × [0, 1] → EG between f and h by
H(y, τ) :=
⎧⎪⎪⎨⎪⎪⎩
F ′(y, 1 − b(3τ)) for τ ∈ [0, 13 ],
T (y, b(3τ − 1)) for τ ∈ [ 13 , 23 ],
S′(y, b(3τ − 2)) for τ ∈ [ 23 , 1].
The G-equivariance of H is clear. This completes the proof. 
We are now ready to prove the main result of this section.
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Proof of Theorem 3.6. The fact that BG(·) and [·, BG] are functors is clear. Fix a diffeological space from 
DiffeolHSP. It follows from Proposition 3.7 and Proposition 3.12 that there is a map α from the set [X, BG]
to BG(X). It follows from Proposition 3.14 and Proposition 3.16 that α has an inverse, and hence BG(X)
is in bijection with [X, BG]. Finally, this bijection is natural: given two diffeological spaces X and Y from 
DiffeolHSP and a smooth map ϕ : X → Y , we have that B(ϕ) and [ϕ, BG] commute with these bijections. 
4. Diffeological connections and connection 1-forms
In [8, Article 8.32] Iglesias-Zemmour gives a definition of a connection on a principal G-bundle in terms 
of paths on the total space, generalising the classical notion for principal bundles with structure group a 
finite-dimensional Lie group. From this definition one obtains the usual properties that one expects from 
a connection (see Remark 4.2). The purpose of this section is to prove Theorem 4.3: that any principal 
G-bundle satisfying mild conditions admits one of these connections provided G is a regular diffeological Lie 
group. We do this by way of constructing a connection 1-form on the G-bundle EG → BG, and showing 
that this induces a connection in the sense of Iglesias-Zemmour. Since connections pull back, we obtain our 
result.
Definition 4.1 (Diffeological connections). Let G be a diffeological group, and let π : E → X be a principal 
G-bundle. Denote by Pathsloc(E) the diffeological space of local paths
Pathsloc(E) := {γ ∈ C∞((a, b), E) | (a, b) ⊆ R}
equipped with the subset diffeology induced by the standard functional diffeology on a diffeology (see [8, 
Article 1.63]). We recall what this standard functional diffeology is: a parametrisation p : U → D is a plot 
if and only if for each u ∈ U and v ∈ dom(p(u)) there exist open neighbourhoods U ′ of u and V ′ of v such 
that for each u′ ∈ U ′,
(1) V ′ ⊆ dom(p(u′)), and
(2) the map Ψ: U ′ × V ′ → X : (u′, v′) → p(u′)(v′) is in D.
Denote by tbPathsloc(E) the tautological bundle of local paths, equipped with the subset diffeology 
induced by Pathsloc(E) × R:
tbPathsloc(E) := {(γ, t) ∈ Pathsloc(E) × R | t ∈ dom(γ)}.
A diffeological connection is a smooth map θ : tbPathsloc(E) → Pathsloc(E) satisfying the following prop-
erties for any (γ, t0) ∈ tbPathsloc(E):
(1) the domain of γ equals the domain of θ(γ, t0),
(2) π ◦ γ = π ◦ θ(γ, t0),
(3) θ(γ, t0)(t0) = γ(t0),
(4) θ(g · γ, t0) = g · θ(γ, t0) for all g ∈ G,
(5) θ(γ ◦ f, s) = θ(γ, f(s)) ◦ f for any smooth map f from an open subset of R into dom(γ),
(6) θ(θ(γ, t0), t0) = θ(γ, t0).
Remark 4.2. Diffeological connections satisfy many of the usual properties that classical connections on 
a principal G-bundle (where G is a finite-dimensional Lie group) enjoy; in particular, they admit unique 
horizontal lifts of paths into the base of a principal bundle [8, Article 8.32], and they pull back by smooth 
maps [8, Article 8.33].
202 J.-P. Magnot, J. Watts / Topology and its Applications 232 (2017) 189–213
We now state the main purpose of this section.
Theorem 4.3 (Diffeological connections on principal G-bundles). Let G be a regular diffeological Lie group, 
and let X be a Hausdorff smoothly paracompact diffeological space. Then any weakly D-numerable principal 
G-bundle E → X admits a diffeological connection. Consequently, for this diffeological connection, any 
smooth curve into X has a unique horizontal lift to E.
To prove this, we begin by constructing a connection 1-form on EG → BG.
Definition 4.4 (Connection 1-form). Let G be a diffeological group, and let E → X be a principal G-bundle. 
A connection 1-form on E is a G-equivariant smooth fibrewise linear map ω : TE → TeG (with respect to 
the adjoint action on TeG) such that for any y ∈ E and ξ ∈ TeG, we have ω(ξE |y) = ξ where
ξE |y := d
dt
∣∣∣
t=0
(g(t) · y)
in which g(t) is a smooth curve in G such that g(0) = e and g˙(0) = ξ.
To make clear the connection between ordinary diffeological differential 1-forms and smooth fibrewise 
linear maps as defined above, we present the following definition and proposition.
Definition 4.5. Denote by DVB the category of diffeological vector pseudo-bundles with smooth fibrewise 
linear maps between them. For a diffeological space (X, D) denote by Plots(D) the category with objects 
plots in D and arrows commutative triangles
U
f
p
V
q
X
in which f is smooth. Let V be a diffeological vector space. Denote Ω1(X; V ) to be the V -valued differential 
1-forms on X, defined to be the limit
lim
Plots(D)
HomDVB(T ◦ F (·), X × V → X).
Here, X × V → X is the trivial V -bundle over X, T is the tangent functor, and F the forgetful functor 
sending plots to their domains and commutative triangles to the corresponding maps between Euclidean 
open sets.
Proposition 4.6. Let (X, D) be a diffeological space and V a diffeological vector space. Then there is a natural 
identification between smooth fibrewise R-linear maps TX → V and V -valued 1-forms Ω1(X; V ).2
Proof. The set of smooth fibrewise R-linear maps TX → V is exactly
HomDVB(TX,X × V → X).
But TX is the colimit colim(T◦F ) in DVB over the category Plots(D) where T and F are as in Definition 4.5; 
see [3, Theorem 4.17]. But then,
2 Proof suggested by Daniel Christensen via private communication.
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HomDVB(TX,X × V → X) = lim
Plots(D)
HomDVB(T ◦ F (·), X × V → X);
see, for example, [1, Corollary 5.29]. 
Remark 4.7. Ordinary differential 1-forms on a diffeological space X are, by definition, equal to
lim
Plots(D)
HomDVB(T ◦ F (·), X × R → X)
Returning to connection 1-forms, the most basic connection 1-form is the Maurer–Cartan form on a 
diffeological group.
Lemma 4.8 (Maurer–Cartan form). Let G be a diffeological group. Then G has a Maurer–Cartan form α; 
that is, a smooth fibrewise-linear map α : TG → TeG sending v ∈ TgG to (Lg−1)∗v. It is G-equivariant with 
respect to the adjoint action on TeG and the left action on TG defined by h · v := (Rh−1)∗v.
Proof. This is immediate from the trivialisation of TG given in Theorem 2.9. 
Since EG is constructed out of an infinite product of the group G, we can take the infinite sum of the 
Maurer–Cartan form, with coefficients tj; since only finitely many of the tj are non-zero, the sum converges. 
The goal is to show that the result is smooth.
Theorem 4.9 (Connection on EG). Let G be a diffeological group. Then the principal G-bundle EG → BG
admits a connection 1-form ω.
Proof of Theorem 4.9. Let α be the Maurer–Cartan form on G. Define ω˜ to be the smooth map ω˜ : TSG →
TeG given by
ω˜|(gi,ti) =
∑
i∈N
tipr∗giα
where prgi : SG → G is the projection map onto the ith copy of G. Then ω˜ is a well-defined connection 
1-form on the bundle SG → SG/G =: EG.
We need to show that ω˜ descends to a form ω on EG. To do this, we use the following fact (see [8, 
Article 6.38], noting that the proof goes through with our definition of 1-form, independent of the fact that 
the forms in the proof are real-valued): if ρ : SG → EG is the quotient map, then a form μ on SG is equal 
to ρ∗ν for some form ν on EG if and only if for any two plots p1, p2 : U → SG satisfying ρ ◦ p1 = ρ ◦ p2, we 
have p∗1μ = p∗2μ. Fix two such plots p1 and p2, and fix u ∈ U and v ∈ TuU . It is enough for us to show
v (p∗1ω˜ − p∗2ω˜) = 0. (4.1)
There are only finitely many j ∈ N such that prtj (p1(u)) = 0 where prtj is the jth projection from SG
onto [0, 1]. Hence there are only finitely many open sets
V˜j = {(gi, ti) | tj = 0} ⊆ SG
containing p1(u). Thus, the intersection V˜ of all such V˜j is open, and its pre-image W := p−11 (V˜ ) ⊆ U is 
open. Moreover, it follows from ρ ◦ p1 = ρ ◦ p2 that W = p−12 (V˜ ).
Let c : R → U be a curve such that c(0) = u and c˙(0) = v. Then for all τ in c−1(W ) we have prgj ◦p1◦c(τ) =
prgj ◦ p2 ◦ c(τ) for all j such that tj = 0. It follows that
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α((prgj )∗(p1)∗v) = α((prgj )∗(p2)∗v).
Equation (4.1) follows. 
We have the following corollary:
Corollary 4.10. Let G be a diffeological group. Then any principal G-bundle E → X admitting a smooth 
classifying map has a connection 1-form. In particular, if E → X is weakly D-numerable over a Hausdorff 
smoothly paracompact diffeological space X, then it admits a connection 1-form.
Proof. This follows from the existence of a G-equivariant map E → EG (Proposition 3.14). 
In order to continue, we need the following basic lemma about differentiating plots.
Lemma 4.11. Let (X, D) be a diffeological space, and let T : D → TD be the map sending a plot p to its 
induced plot Tp. Then T is a smooth map.
Proof. Fix a plot p : U → D in the standard functional diffeology. Using the same notation as in Defini-
tion 4.1, by the definition of the diffeology on TX and Remark 2.8 the map TΨ: TU ′ × TV ′ → TX is 
a plot of TX. Restricting the first coordinate of TΨ to the zero-section of TU ′ we get the smooth map 
U ′ × TV ′ → TX : (u′, w) → TΨ|(u′,v′)(0, w) where v′ is the foot-point of w. Since this is smooth, by the 
definition of the functional diffeology we have that the map U ′ → C∞(TV ′, TX) sending u′ to Tp(u′) is a 
plot of TD. 
Now the main obstacle in proving Theorem 4.3 is to show that a connection 1-form on a principal G-bundle 
yields a diffeological connection; in particular, that one obtains a smooth map from the tautological bundle 
to the local paths of the total space. This is the content of the following proposition (cf. [16, Section 2.1]).
Proposition 4.12 (Connection 1-forms induce diffeological connections). Let G be a regular diffeological Lie 
group, and let π : E → X be a principal G-bundle. Then a connection 1-form ω on π induces a diffeological 
connection on π.
Proof. Fix a smooth curve γ : (a, b) → E and a point t0 ∈ (a, b). Our first goal is to obtain a smooth curve 
g : (a, b) → G such that g(t0) = e and the smooth curve t → g(t) · γ(t) satisfies
ω
(
d(g · γ)(t)
dt
)
= 0.
We will denote g(t) · γ(t) by θ(γ, t0)(t). By the chain rule (see Remark 2.8) the derivative of θ(γ, t0) is 
g · γ˙ + g˙ · γ. Applying ω to this, we obtain the differential equation
ω(γ˙)(t) = −Adg−1 g˙|γ(t).
Choose ε > 0 so that a < t0 − ε and t0 + ε < b. After composing with an appropriate translation and 
dilation, it follows from the regularity of G that there is a smooth solution [t0 − ε, t0 + ε] → G; in fact, 
uniqueness of solutions implies that applying this procedure to each t0 ∈ (a, b) will yield a smooth curve 
g : (a, b) → G as required. We thus have proved the existence of θ : tbPathsloc(E) → Pathsloc(E).
To show that θ is smooth, note that the map γ → γ˙ is smooth by Lemma 4.11, as well as ω and the 
exponential map in the definition of the regularity of G. Finally, the translations and dilations are smooth, 
and since θ is a composition of all of these things, smoothness follows.
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It is an easy exercise to check that θ satisfies the six conditions in Definition 4.1. This completes the 
proof. 
Proof of Theorem 4.3. By Corollary 4.10 the principal G-bundle π : E → X has a connection 1-form. By 
Proposition 4.12 this induces a diffeological connection on π. In particular, we obtain horizontal lifts of 
smooth curves into X (see Remark 4.2). 
Remark 4.13. We end this section with the following note. Let G be a regular diffeological Lie group. By 
Proposition 4.12 we have a diffeological connection on any principal G-bundle. By Remark 3.13, Proposi-
tion 3.12 holds without any assumption on the topology of the base. Since Proposition 3.16 also has no 
conditions on the topology of the base, it follows that if you have two principal G-bundles (with no as-
sumptions on them) E → X and E′ → X with classifying maps F : X → BG and F ′ : X → BG, then E
and E′ are isomorphic bundles if and only if F and F ′ are smoothly homotopic.
5. Applications
In this section, we apply the theory developed in the previous sections to various situations. Many of 
these are motivated by applications found in [8], [9], [16], [18], [24], and [25].
5.1. Contractibility of EG & homotopy of BG
In this subsection, we show that EG is smoothly contractible, which allows us to compute the (diffeolog-
ical) homotopy groups of BG in terms of those of G. Again, we look to the topological proof found in [25]
for a template.
Proposition 5.1 (EG is contractible). Let G be a diffeological group. Then EG is smoothly contractible.
Proof. Let H1 : EG × [0, 1] → EG be a smooth homotopy given by
H1((tigi), 0) = (tigi) and
H1((tigi), 1) = (t1g1, 0, t2g2, t3g3, . . . ),
using the same notation as that in the proof of Proposition 3.16. This exists by Proposition 3.16. Let b be 
the smooth function from the same proof and let H2 : EG × [0, 1] → EG be the smooth map
H2((tigi), τ) =
(
(1 − b(τ))t1g1, b(τ)e, (1 − b(τ))t2g2, (1 − b(τ))t3g3, . . .
)
.
Concatenating H1 and H2 yields a smooth homotopy. Since
H2((tigi), 1) =
(
0, e, 0, 0, . . .
)
,
which is constant on EG, it follows that EG is smoothly contractible. 
Proposition 5.2 (Homotopy of BG). Let G be a diffeological group. Then for each k > 0, we have πk(BG) ∼=
πk−1(G).
Proof. This is immediate from the fact that EG → BG is a principal G-bundle, Proposition 5.1, and the 
long exact sequence of (diffeological) homotopy groups; see [8, Article 8.21]. 
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Example 5.3 (Homotopy of BTα). Fix an irrational number α. Let G be the irrational torus Tα := R/Z2, 
where Z2 acts on R by (m, n) · x = x + m + nα. By the long exact sequence of (diffeological) homotopy 
groups [8, Article 8.21], it is immediate that π0(Tα) = {Tα}, π1(Tα) = Z2, and πk(Tα) = 0 for k > 1. It 
follows from Proposition 5.2 that π0(BTα) = {BTα}, π1(BTα) = 0, π2(BTα) = Z2, and πk(BTα) = 0 for 
all k > 2. 
5.2. Smooth homotopies of groups and bundles
Here we look at how smooth group homomorphisms between diffeological groups induce smooth maps 
between the classifying spaces, with applications to smooth strong deformation retractions.
Proposition 5.4 (Smooth maps between diffeological groups). Let G and H be diffeological groups, and let 
ϕ : G → H be a smooth map between them. Then ϕ induces a smooth map Φ˜ : EG → EH defined as
Φ˜(tigi) = (tiϕ(gi)).
Moreover, if ϕ is a smooth homomorphism, Φ˜ descends to a smooth map Φ: BG → BH.
Proof. The proof follows immediately from the definitions. 
Remark 5.5. If ϕτ : G → H is a smooth family of maps between diffeological groups G and H, then a similar 
proof to the above yields a smooth family of maps Φ˜τ : EG → EH defined in the obvious way, and in the 
case of a smooth family of group homomorphisms, we obtain a smooth family of maps Φτ : BG → BH.
Corollary 5.6 (Smooth deformation retracts of bundles). Let G be a diffeological group, and let Φ: G ×[0, 1] →
G be a smooth strong deformation retraction of G onto a subgroup H such that for each τ ∈ [0, 1], the map 
Φ(·, τ) : G → G is a group homomorphism. Then, up to isomorphism, there is a smooth strong deformation 
retract of any weakly D-numerable principal G-bundle over a Hausdorff smoothly paracompact base to a 
principal H-bundle over the same base.
Proof. By Proposition 5.4 and Remark 5.5, we obtain a smooth strong deformation retract Φ˜τ of EG onto 
EH, which descends to a smooth strong deformation retract Φτ of BG onto BH. Let E → X be a weakly 
D-numerable principal G-bundle over a Hausdorff smoothly paracompact base X. By Proposition 3.14, 
there is a smooth map F˜ : E → EG which descends to a smooth classifying map F : X → BG for which 
E is isomorphic as a principal G-bundle to F ∗EG. Composing F with Φτ , we obtain a smooth strong 
deformation retract of F ∗EG onto (Φ0 ◦ F )∗EH, where at any τ we have
(Φτ ◦ F )∗EG = {(x, (tigi)) | Φτ ◦ F (x) = [tigi]}. 
Example 5.7 (E(Diff(Rn; 0))). Let G = Diff(Rn; 0) be the diffeological group of diffeomorphisms of Rn that 
fix the origin. Define Φ: G × [0, 1] → G by
Φ(ϕ, τ) =
{
m1/τ ◦ ϕ ◦ mτ if τ = 0,
dϕ|0 if τ = 0,
where mτ : Rn → Rn is scalar multiplication by τ (which is smooth). By definition of the functional dif-
feology [8, Article 1.57], it is an easy exercise to check that this is a smooth strong deformation retract 
of G onto GL(n; R). Moreover, the chain rule shows that Φ(·, τ) is a group homomorphism for each τ . It 
follows from Proposition 5.4 that EG has a smooth strong deformation retract onto EGL(n; R), and this 
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descends to a smooth strong deformation retract of BG onto BGL(n; R). By Corollary 5.6 we have that any 
weakly D-numerable principal G-bundle over a Hausdorff smoothly paracompact base has a smooth strong 
deformation retract onto a principal GL(n; R)-bundle over the same base. 
Example 5.8 (E(Diff+(S2))). Let G = Diff+(S2) be the diffeological group of orientation-preserving diffeo-
morphisms of S2 (equipped with the functional diffeology). By the main result of [13] there is a smooth 
strong deformation retraction κ : G × [0, 1] → G onto SO(3). By Proposition 5.4 and Remark 5.5, κ induces a 
smooth strong deformation retraction from EG to E(SO(3)). Unfortunately, the smooth strong deformation 
retraction in [13] does not give a group homomorphism from G to SO(3), and so the deformation retraction 
does not descend to BG and BSO(3). 
5.3. Associated fibre bundles
Let G be a diffeological group, and let π : E → X be a principal G-bundle. Let F be a diffeological space 
admitting a smooth action of G. Then we may construct the associated bundle to π with fibre F , denoted 
π˜ : E˜ → X, as follows: let G act diagonally on E ×F ; then define E˜ as the quotient E ×G F := (E ×F )/G. 
Any diffeological fibre bundle with structure group G can be constructed as an associated fibre bundle 
of some principal G-bundle. See [8, Article 8.16] for more details. Note that if a fibre bundle is (weakly) 
D-numerable any associated principal G-bundle is (weakly) D-numerable as well. We have the following 
corollary to Theorem 3.6:
Corollary 5.9 (Diffeological fibre bundles). Let BFG(·) be the functor from DiffeolHSP to Set sending an object 
X to the set of isomorphism classes of locally trivial diffeological fibre bundles with fibre a fixed G-space F . 
Then there is a natural surjection from [·, BG] to BFG(·).
Using the same notation as above, let θ be a diffeological connection on E induced by a connection 1-form 
ω on π : E → X as in Proposition 4.12. Now ω ⊕ 0 is a TeG-valued 1-form on E × F , and one can check 
using the fact that π is D-numerable that ω descends to a TeG-valued 1-form ωE˜ on E˜, which we call a
connection 1-form on E˜.
Definition 5.10 (Horizontal lifts on associated bundles). Let π˜ : E˜ → X be a diffeological fibre bundle, let 
c : (a, b) → X be a smooth curve, and fix z ∈ E˜ and t0 ∈ (a, b) such that π˜(z) = c(t0). A curve cE˜ : (a, b) → E˜
is a horizontal lift of c through z if
(1) π˜ ◦ cE˜ = c,
(2) cE˜(t0) = z,
(3) ωE˜
(
d
dtcE˜(t)
)
= 0.
Proposition 5.11 (Horizontal lifts on associated bundles exist). Let G be a regular diffeological Lie group, 
F a diffeological space with a fixed smooth action of G, X a Hausdorff smoothly paracompact diffeological 
space, and π : E → X a weakly D-numerable principal G-bundle. Equip E with the connection 1-form ω
as in Corollary 4.10. Then for any smooth curve c : (a, b) → X, and any z ∈ E˜, there is a horizontal lift 
cE˜ : (a, b) → E˜ through z.
Proof. Take cE˜(t) := ρE˜(θ(c, t0)(t), z′), where ρE˜ : E × F → E˜ is the quotient map and z′ ∈ F such that 
ρE˜(θ(c, t0)(t0), z′) = z. This definition is independent of the choice of z′. This satisfies all of properties 
required in Definition 5.10. 
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Remark 5.12. We do not mention uniqueness of horizontal lifts in Proposition 5.11. This requires the 
uniqueness of solutions to the initial-value problem given by the differential equation in Item (3) with initial 
condition as given in Item (2), both in Definition 5.10. It is not immediately clear under what conditions 
this would hold on a general diffeological space.
Example 5.13 (Diff(F )-bundles). Let π : E˜ → X be a diffeological fibre bundle with fibre F and structure 
group G = Diff(F ). Define the set FR to be all commutative diagrams
F
f
E˜
π
{∗} X
where f is a diffeomorphism onto a fibre of E˜. Equip FR with the subset diffeology induced by C∞(F, E˜). 
One may think of this as a “non-linear frame bundle” of the bundle E˜. From above, we have that FR×Diff(F )
F ∼= E˜, and by Corollary 5.9, we have that there is a natural surjection from smooth homotopy classes 
of maps X → BDiff(F ) to isomorphism classes of such bundles E˜, provided that the bundles are locally 
trivial, and X has Hausdorff, second-countable, and smoothly paracompact topology.
If F is a smooth manifold, then Diff(F ) is a regular diffeological Lie group [9, Theorem 43.1], and so 
provided that E˜ → X is a locally trivial principal Diff(F )-bundle, and the topology on X is Hausdorff, 
second-countable, and smoothly paracompact, then by Proposition 5.11 E˜ has a diffeological connection, 
which in turn gives us horizontal lifts of curves. 
5.4. Limit of groups & ILB principal bundles
We consider in this subsection limits of diffeological group, and in particular infinite-dimensional groups. 
We rely heavily on [22] for terminology.
Fix a small category J , which we will think of as our “index category”. Let DGroup be the category 
of diffeological groups with smooth group homomorphisms between them, and let F : J → DGroup be a 
functor. Denote by Gj the image F (j) for each object j of J , and by ϕf the image F (f) for each arrow f
in J . Let G = limF be the limit taken in the category of diffeological spaces; in particular, there is a smooth 
map ϕj : G → Gj for each object j in J such that if f : j1 → j2 is an arrow in J , then ϕf ◦ ϕj1 = ϕj2 .
Proposition 5.14 (Limit of diffeological groups). Let F be the functor above, and define G = limF . Then G
is a diffeological group.
Proof. Recall that both the category of diffeological spaces and the category of groups are complete, and 
limits are constructed on the set-theoretical level:
G =
⎧⎨⎩(gj) ∈ ∏
j∈J0
Gj
∣∣∣∣∣ ∀(f : j1 → j2) ∈ J1, ϕf ◦ prj1((gj)) = prj2((gj))
⎫⎬⎭
where J0 is the set of objects of J , J1 the set of arrows, and prj is the jth projection onto Gj . The diffeology 
is given by the intersection of all pullback diffeologies on G via the maps ϕj := prj . The group multiplication 
on G is given by the coordinate-wise product: (gj)(hj) := (gjhj). It follows that the maps ϕj are group 
homomorphisms, from which it follows that multiplication and inversion are smooth maps G ×G → G and 
G → G, respectively. Hence, G is a diffeological group. 
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Remark 5.15. Let G be the diffeological group constructed as a limit above. Then for every object j of J , 
from Proposition 5.4 we obtain a commutative diagram:
EG
Φ˜j
EGj
BG
Φj
BGj .
Moreover, for any arrow f : j1 → j2 of J , we obtain a commutative diagram:
EG EGj1
Φ˜f
EGj2
BGj2
BG BGj1
Φf
where all of the maps are the induced ones via Proposition 5.4.
We now apply the theory developed to ILB-manifolds and ILB-bundles. Technically, our definition of 
an ILB-manifold below is only a special case of the definition given in [22, Definition I.1.9]; however, it is 
sufficient for our needs. For this application to make sense, we must first note that infinite-differentiability in 
the Fréchet sense is equivalent to smoothness in the diffeological sense when we equip a Fréchet space/man-
ifold with the diffeology comprising Fréchet infinitely-differentiable parametrisations. Moreover, Fréchet 
spaces form a full subcategory of diffeological spaces under this identification. See, for example, [14, The-
orem 3.1.1], [11]. Note that the limits used in the following definitions can be taken in either the Fréchet 
category or the diffeological category: in our cases below they coincide.
Definition 5.16 (ILB-manifolds & bundles).
(1) An ILB-manifold M is the limit in the category of Fréchet manifolds of a family of Banach manifolds 
{Mn}n∈N in which there is a smooth and dense inclusion Mn+1 ↪→ Mn for each n, and such that there 
exists a Banach atlas on M0 that restricts to an atlas on Mn for each n.
(2) An ILB-map f between two ILB-manifolds M and N is a smooth map f : M → N along with a 
family of smooth maps {fn : Mn → Nn} such that f and all fn commute with all inclusions maps 
M ↪→ Mn+1 ↪→ Mn and N ↪→ Nn+1 ↪→ Nn.
(3) An ILB-principal bundle is an ILB-map between two ILB-manifolds (π : P → M, πn : Pn → Mn) such 
that for each n, the map πn : Pn → Mn is a principal Gn-bundle where Gn is a Banach Lie group.
(4) An ILB-map F between two ILB-principal bundles π : P → M and π′ : P ′ → M ′ is an ILB-bundle 
map if Fn : Pn → P ′n is a (Gn-equivariant) bundle map for each n. Note that F induces an ILB-map 
M → M ′. An ILB-bundle map is an ILB-bundle isomorphism if it has an inverse ILB-bundle map.
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It follows from the above definitions that given an ILB-principal bundle π : P → M , the structure groups 
{Gn} of the principal bundles {πn : Pn → Mn} satisfy: Gn+1 is smoothly and densely included in Gn for 
each n. Hence π : P → M is a principal G-bundle where G = limGn. An ILB-bundle map from π : P → M
to π′ : P ′ → M ′ is thus necessarily G-equivariant.
Definition 5.17 (ILB-classifying maps & homotopies).
(1) Given an ILB-principal bundle π : P → M with structure group G, an ILB-classifying map F : M → BG
is a classifying map for π such that there is a classifying map Fn : Mn → BGn for each n, the following 
diagram commutes for all n,
P
F˜
Pn
F˜n
EG
Φ˜n
EGn
BG
Φn
BGn
M
F
Mn
Fn
and these maps commute with the inclusion maps EG ↪→ EGn+1 ↪→ EGn and BG ↪→ BGn+1 ↪→ BGn
as in Remark 5.15.
(2) An ILB-homotopy between two ILB-classifying maps F, F ′ : M → BG for ILB-principal bundles P → M
and P ′ → M each with structure group G is a family of smooth homotopies Hn : Mn × [0, 1] → BGn
such that Hn(·, 0) = Fn and Hn(·, 1) = F ′n for each n, and a smooth homotopy H : M×[0, 1] → BG such 
that H(·, 0) = F and H(·, 1) = F ′, and finally each Hn and H commute with the maps in Remark 5.15.
Let π : P → M be an ILB-principal bundle, and assume that each Mn is a Hilbert manifold (in this case, 
we say that M is an ILH-manifold). Hilbert manifolds are smoothly paracompact [9, Corollary 16.16], and 
(smooth) partitions of unity pull back. Hence, a smooth partition of unity subordinate to a local trivialisation 
of π0 : P0 → M0 induces similar partitions of unity for each πn : Pn → Mn, and on π : P → M . Thus, in 
this case, each πn : Pn → Mn, as well as π : P → M , is D-numerable.
Given an ILB-principal bundle π : P → M with ILB group G and ILH base as above, by Proposition 3.14
there is a classifying map F : M → BG and so π : P → M is isomorphic to F ∗EG. Moreover, for each n, 
there is a classifying map Fn : Mn → BGn and so Pn is isomorphic to F ∗nEGn. It follows from Remark 5.15
that we obtain an ILB-classifying map for π : P → M . From Theorem 3.6 and Remark 5.15 we obtain the 
following proposition:
Proposition 5.18. Let π : P → M be an ILB-principal G-bundle in which M = limMn is an ILH-manifold. 
Then π has an ILB-classifying map. Moreover, smoothly homotopic ILB-classifying maps yield isomorphic 
ILB-principal bundles yield ILB-homotopic ILB-classifying maps.
5.5. Group extensions
Fix a diffeological extension of diffeological groups (see [8, Article 7.3]):
1 → G → G′ → G′′ → 1. (5.1)
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By Proposition 5.4, we obtain the following commutative diagram of diffeological spaces.
EG EG′ EG′′
BG BG′ BG′′
Since diffeological extensions are examples of principal bundles, (5.1) induces a long exact sequence of 
diffeological homotopy groups (see [8, Article 8.21]). The following result thus is a consequence of Proposi-
tion 5.2.
Proposition 5.19 (Long exact sequence of classifying spaces). Given a diffeological extension of diffeological 
groups as in (5.1), we obtain a long exact sequence
· · · → πn+1(BG′′) → πn(BG) → πn(BG′) → πn(BG′′) → πn−1(BG) → . . . .
Example 5.20 (R/Q). Consider the rational numbers Q as a diffeologically discrete subgroup of R. We have 
the short exact sequence of diffeological groups
1 → Q → R → R/Q → 1.
From the above, we get a long exact sequence of homotopy groups:
· · · → πn+1(B(R/Q)) → πn(BQ) → πn(BR) → πn(B(R/Q)) → πn−1(BQ) → . . . .
It follows from this long exact sequence and Proposition 5.2 that
π0(B(R/Q)) = {B(R/Q)},
π1(B(R/Q)) ∼= 1,
π2(B(R/Q)) ∼= Q, and
πk(B(R/Q)) ∼= 1 for all k ≥ 3.
Of course, we could have used other easier means of computing these, but the point of this example is to 
illustrate what one could do with Proposition 5.19. 
Using short exact sequences and group extensions is very frequent in the study of infinite-dimensional 
Lie groups for constructing new groups. For example:
Example 5.21 (Diff(M)-pseudo-differential operators). Consider the Diff(M)-pseudo-differential operators 
FIO0,∗Diff described in [18]. Given a Hermitian bundle E → M over a closed manifold M , the group 
FIO0,∗Diff(M, E) is a group of Fourier integral operators acting on smooth sections of E, which can be 
seen as a central extension of the group of diffeomorphisms Diff(M) by the group of 0-order invertible 
pseudo-differential operators acting on smooth sections of E, with exact sequence:
0 → PDO0,∗(M,E) → FIO0,∗Diff(M,E) → Diff(M) → 0.
We obtain a long exact sequence of homotopy groups:
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· · · → πn+1(BDiff(M)) → πn
(
B(PDO0,∗(M,E))
)→ πn (B(FIO0,∗Diff(M,E)))→
πn(BDiff(M)) → πn−1
(
B(PDO0,∗(M,E))
)→ . . . . 
5.6. Irrational torus bundles
We now connect what we have done to the classical theory of Weil, in which circle (or complex line) 
bundles with connection over a fixed simply-connected manifold are classified by their curvatures, and 
conversely every integral 2-form on the manifold induces a circle bundle with connection whose curvature 
is that 2-form. This is extended to non-integral 2-forms in [7], in which the circle bundles are replaced with 
irrational torus bundles. See also the more general theory on diffeological spaces in [8].
Let Tα be the irrational torus, defined in Example 5.3. It is a regular diffeological Lie group (indeed, 
the quotient map R → Tα is the exponential map). Let ω be the connection 1-form on ETα constructed in 
Theorem 4.9, and let π : ETα → BTα be the projection map.
Lemma 5.22. The 2-form dω is basic; that is, there exists a unique TeG-valued 2-form Ω on BTα such that 
π∗Ω = dω.
Remark 5.23. This statement in fact holds for any abelian diffeological group G. We prove this more general 
statement below.
Proof. We again use the following fact (see [8, Article 6.38]): dω is the pullback of a form Ω on BG if and 
only if for any two plots p1, p2 : U → EG satisfying π ◦ p1 = π ◦ p2, we have p∗1dω = p∗2dω. Fix two such 
plots p1 and p2. Let Vj ⊆ EG be the open set
Vj = {(tigi) | tj = 0}.
We have p−11 (Vj) = p−12 (Vj) =: V . The projection prgj : Vj → G sending (tigi) to gj is well-defined on Vj , 
and so we have a smooth map γ : V → G sending u to prgj (p2(u))−1prgj (p1(u)). Thus, γ(u) · p2(u) = p1(u)
for all u ∈ V .
Fix u ∈ V and v ∈ TuV . It follows from the chain rule (Remark 2.8) that
(p1)∗v dω = (p2)∗v (γ(u)∗dω) + η dω,
where η = ddt
∣∣∣
t=0
(γ(c(t)) · p1(u)) for some smooth curve c : (−ε, ε) → V such that c(0) = u and c˙(0) = v
(ε > 0). Since ω is invariant, we have γ(u)∗dω = dω.
Since j, u, and v are arbitrary, to complete the proof, we only need to show that ηdω = 0. Note that 
this is equal to the contraction of dω by the map gEG : (−ε, ε) → Diff(EG) induced by the curve g := γ ◦ c
in G (see [8, Article 6.57]). By the Cartan–Lie formula ([8, Article 6.72]), we have
η dω = £g(ω) − d(ηω). (5.2)
By definition of ω we know ηω = g˙(0), and so the right term of the right-hand side of (5.2) vanishes. The 
left term of the right-hand side of (5.2) vanishes since ω is invariant (see [8, Article 6.55] for a definition of 
the Lie derivative).
Uniqueness of Ω follows from the fact that π∗ is injective on forms. This finishes the proof. 
We refer to Ω in Lemma 5.22 as the curvature form of ω. If X is any Hausdorff smoothly paracom-
pact diffeological space, and F : X → BTα a smooth function, we obtain the curvature form F ∗Ω of the 
connection 1-form F˜ ∗ω on F ∗EG by Proposition 3.14. The 2-form F ∗Ω satisfies
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pr∗1F ∗Ω = F˜ ∗dω
where pr1 : F ∗EG → X is the pullback bundle.
Let X be a connected diffeological space. In [8, Article 8.40], Iglesias-Zemmour proves that every principal 
Tα-bundle which can be equipped with a connection 1-form induces a unique class in H1(Paths(X), Tα), its
characteristic class. If additionally X Hausdorff and smoothly paracompact, then it follows from Proposi-
tion 3.14 that all weakly D-numerable Tα-bundles over X induce a unique class in H1(Paths(X), Tα).
In [8, Article 8.42], Iglesias-Zemmour shows a converse for the simply-connected case: if X is a simply-
connected (and hence connected) diffeological space, and μ is a non-zero closed 2-form on X, then there 
is a principal Tα-bundle on X whose curvature is μ, where Tα is the torus of periods of μ. If X is addi-
tionally Hausdorff and smoothly paracompact, and the Tα-bundle constructed is weakly D-numerable, then 
μ = F ∗Ω, where F is the classifying map of the Tα-bundle, and Ω is the curvature form on BTα.
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